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Abstract
We study weakly coupled U(1) theories in AdS3, their associated
charged BTZ solutions, and their charged spectra. We find that
modular invariance of the holographic dual two-dimensional CFT
and compactness of the gauge group together imply the existence
of charged operators with conformal dimension significantly below
the black hole threshold. We regard this as a form of the Weak
Gravity Conjecture (WGC) in three dimensions. We also explore the
constraints posed by modular invariance on a particular discrete ZN
symmetry which arises in our discussion. In this case, modular invari-
ance does not guarantee the existence of light ZN -charged states. We
also highlight the differences between our discussion and the usual
heuristic arguments for the WGC based on black hole remnants.
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1 Introduction
The Weak Gravity Conjecture (WGC) [1] predicts the existence of light charged objects
in any weakly coupled gauge theory also coupled to gravity, and has been a very useful
tool in understanding the constraints that quantum gravity imposes on effective field
theories. In particular, it has been recently applied to large-field inflationary models
and relaxions [2–22].
The power of the WGC lies in its generality. Relying solely in low energy data, it
can be used to constrain effective field theories without the need to refer to particular
UV embeddings, or scan through the string landscape. Thus, if correct, it is a most
useful tool to explore the Swampland [23].
Although, to our knowledge, the WGC has been verified in every string theory
example considered so far (in particular in simple heterotic setups [1]), a general proof
of the conjecture is still missing. Already in the original paper, a heuristic argument
for the conjecture was given, essentially claiming that the conjecture is necessary to
prevent the local gauge symmetry from becoming global, which has its own problems
with quantum gravity (see e.g. [24, 25]). This was made more precise in [26], but the
arguments have loopholes and we do not see a clear way to turn them into a formal
proof. A promising avenue was opened by [27] (see also [28] and [29]), which studied
the WGC in the context of the AdS/CFT correspondence, where it can be translated
into a statement about the CFT which can then be verified or disproved. Reference [27]
found certain examples of CFT’s which seem not to satisfy the WGC. However, it is
not clear that these CFT’s have weakly coupled gravitational duals, so that the WGC
might actually still be correct; alternatively, maybe the WGC only holds for a restricted
class of CFT’s.
In this paper, we study the WGC in three-dimensional AdS space. On one hand, the
drastic differences in the behavior of both gravity and gauge fields between three and
more dimensions may mean that this problem is unrelated to higher dimensional cases.
On the other hand, the greatly enhanced conformal symmetry of the two-dimensional
holographic dual greatly simplifies the problem, and in three dimensions we do have
the essential ingredients of the WGC (black holes and weakly coupled gauge fields).
We are able to show that modular invariance of the CFT dual, together with com-
pactness of the U(1) gauge group, are enough to guarantee the existence of light charged
states, lighter than any charged black hole. We regard this as a version of the WGC in
three dimensions. The recent work [30] also uses modular invariance to place an upper
bound on the conformal dimension of charged operators, in a more general setting than
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the one we consider (the results of [30] are also valid for a noncompact gauge group,
whereas ours rely on compactness in an essential way).
There are however significant differences with the higher dimensional case: In three-
dimensional black holes, electric charge is supported by a flat connection and thus does
not backreact on the metric, even after higher derivative corrections are taken into ac-
count. As a result, electric charge thrown into a black hole resembles a global charge.
This and other peculiarities of the three-dimensional case mean that the heuristic argu-
ments based on remnants do not seem to have a place in three dimensions. Furthermore,
black holes can also carry a discrete ZN charge, which can be measured from infinity
via an Aharonov-Bohm experiment. Unlike its integer-valued counterpart, modular
invariance does not require the existence of light ZN charged states, as we show in a
specific example.
After this work was completed, we learned about [31], which applies the same spec-
tral flow techniques to explore the WGC for perturbative closed string U(1)’s. Although
the mathematical details and the spirit of the results are similar, the physical details
(perturbative worldsheet vs. three-dimensional gravity theories) differ significantly.
The paper is organized as follows: Section 2 reviews the generic rationale for the
WGC in higher dimensions. Section 3 reviews the peculiarities of three-dimensional
gravity and gauge fields. Section 4 discusses the relevant properties of the holographic
dual. Section 5 applies these properties to argue for the existence of light charged states,
thus satisfying a form of the WGC. Section 6 discusses the constraints that modular
invariance poses on black holes with ZN charge, for which the arguments of Section 5
do not provide light charged states. Finally, Section 7 contains our conclusions. Several
important technical details have been relegated to the Appendices.
2 The WGC in d > 3
We will first revise the argument in [1, 25] for the existence of light charged states
in any weakly coupled U(1)+gravity theory. This will be convenient to highlight the
differences to the three-dimensional case later on. Readers familiar with this argument
may want to skip this Section.
Contrary to the three dimensional case, in d > 3 gravity has local degrees of
freedom. This means that one can build charged black hole solutions (the Reissner-
Nordstron metric [32,33] and its higher-dimensional cousins, black branes of dimension
d − 3) and the metric is sensitive to the electric field of the black hole. When the
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tension M and charge Q of the black object satisfy
M =
g√
G
Q (2.1)
the black hole is extremal, has zero temperature and is semiclassically stable. For
M < g√
G
Q, the solution presents a naked singularity, and thus it does not constitute
a valid solution of the low-energy effective field theory [34, 35]. As a result, there is a
bound on the charge Q that a black hole of given M can stomach within the reach of
effective field theory.
The original WGC observation can be rephrased as the fact that, if we are allowed
to tune gauge coupling to the limit g → 0, the maximum allowed charge that a black
hole of mass M can have blows up:
Qmax =
M
√
G
g
→∞. (2.2)
This means that, provided that g → 0 is a legitimate limit in the theory, below any
fixed mass M0 there exists an arbitrarily large number of extremal black holes. If these
objects are exactly stable, according to the standard lore, we will have a species problem
and trouble with remnants [24, 26]. From the point of view of the low-energy effective
field theory, each of these black holes will look like a particle of mass M ≤M0, and in
a thermal bath at temperature T (such as the one generically present whenever there
is a horizon, for instance in the Unruh effect for a uniformly accelerated observer [36])
these black holes will contribute to the mean energy density as
ρ(M, g)e−M/T (2.3)
where ρ(M) is the density of states at mass M . and coupling g.
From (2.2), we see that the integrated contribution of these objects diverges, poten-
tially rendering the theory pathological. At scales lower than their mass, these states
would renormalize the Planck constant. One-loop computations, as well as exact results
in supersymmetric configurations [37] suggest that an arbitrarily large amount of light
particles would effectively turn off gravity in the deep IR. Alternatively, given a finite
deep IR gravitational constant, the fast running induced by these states would make
gravity strongly-coupled at a scale that goes to zero as g → 0 (the cutoff Λ ∼ gMP
was suggested in [1]).
Thus, in a d > 3 theory with finite Newton’s constant in which naked singularities
are forbidden, one of these two possibilities must take place:
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• It is not possible to take the g → 0 limit. In this case, we have nothing else to
say, except that this does not seem to be the case in well known examples in
string theory.
• The black holes do not give trouble of the kind suggested above because they are
not stable. Unstable states only contribute significantly to a thermal bath for
temperatures larger than their decay width Γ (it is only then that the particle
can exist in the thermal bath for a sufficiently long time). Semiclassically, an
extremal black hole is exactly stable, but quantum-mechanically it may have a
finite lifetime. These lifetimes can conspire to make the overall contribution (2.3)
negligible.
On what follows we focus on the second possibility. Generically, the black hole will
decay by emitting some charged object. And, as stated above, it should be allowed to
do so while remaining sub-extremal. Kinematically, this constrains the charge-to-mass
ratio of the emitted object so that it is extremal or super-extremal [1]
m ≤ g q√
G
. (2.4)
The existence of this object is (the electric form of) the WGC. Both the WGC and its
generalizations to several U(1)’s (such as those discussed in [6, 9, 13, 38]) or higher p-
form gauge fields have always been validated in every string theory construction where
it has been checked. Nevertheless, the arguments that led to (2.4) are not airtight and
are based on several non-trivial assumptions, e.g. the Cosmic Censorship Hypothesis,
the existence of the g → 0 limit, or the validity of the semiclassical description of black
holes all the way to the Planck scale. Furthermore, as we will see, these arguments run
very differently when applied to theories in three dimensions.
3 Gravity and gauge fields in three dimensions
There are qualitative differences in the physics of both gravity and matter between
three and more spacetime dimensions. [39] gives a clear exposition of the peculiarities
of gravity in the 3d case. Notably, there are no local degrees of freedom, and mass and
angular momentum are given by topological invariants. A point mass only induces a
conical defect in the geometry. As we review next, there are also peculiarities for U(1)
gauge theories.
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3.1 3D U(1) gauge fields & Chern-Simons terms
In two space dimensions, the electric field sourced by a point charge falls of as 1/r.
As a result, the total electrostatic energy of a particle is IR divergent, as well as
UV divergent. This already signals trouble with charged particles and gravity: The
backreaction of a point particle on the geometry is significant, in the same way as
for strings charged under a B-field in four dimensions or D7-branes in type II string
theory [40,41].
In the case of compact electrodynamics (gauge group U(1) rather than R, plus a
single fermion) this pathological IR behavior was understood long ago by Polyakov [42].
In three dimensions, the gauge coupling has dimensions1 of [length]−1/2, so it shows
classical running and in particular becomes strongly coupled in the IR. When there
are monopoles in the theory, it shows confinement as measured by the area behavior
of the Wilson loop: the electrostatic energy between two particles is corrected from
logarithmic to linear. As a result, no free charged particles are present in the theory
(indeed, the low energy dynamics of the gauge field is that of a scalar field with a cosine
potential).
There is another possibility which also solves the problem: In three dimensions,one
can give a topological gauge-invariant mass to the U(1) via a Chern-Simons term
N
4pi
e2
∫
F ∧ A. (3.1)
The low-energy dynamics again has a single degree of freedom (the transverse compo-
nent of A), which propagates with mass µ = Ne2/(2pi). The monopoles (instantons in
three dimensions) responsible for electric charge confinement in [42] now have no effect
because gauge invariance forces them to spit charged particles; as a result, every al-
lowed contribution to the vacuum path integral comes in monopole-antimonopole pairs,
which give no potential overall: The Chern-Simons term (3.1) confines monopoles, as
opposed to electrically charged particles [43].
In this theory, electrically charged particles are allowed as predicted in the classical
theory, but the electric field of a particle suffers a Yukawa-like screening, with no
significant contributions at scales larger than ∼ 1/(Ne2). This renders the electrostatic
energy IR-finite. In what follows, we will focus on 3d U(1) gauge theories with Chern-
Simons term (3.1). As we will discuss in Section 4, boundary terms in AdS require the
Chern-Simons term to be present in order to have a unitary holographic dual.
1We are taking the convention with canonical kinetic term − 12F ∧ ∗F .
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3.2 Consequences of compactness of the gauge group
The Chern-Simons term has important consequences for the spectrum of the theory.
The coefficient N in (3.1) must be an integer if the gauge group is compact. Compact-
ness of the gauge group amounts to the identification of large Wilson lines∫
S1
A =
2pi
e
∼
∫
S1
A = 0 (3.2)
for any nontrivial 1-cycle. This forces electric charges to be quantized in integer mul-
tiples of e.
The equation of motion
d ∗ F = ∗je + µ (3.3)
can be integrated to yield a modified version of Gauss’ law,∫
S1
∗F = Qe + µ
∫
S1
A (3.4)
where Qe is the total electric charge enclosed by the S
1. As discussed above, one must
have F → 0 faster than r−1 at infinity for a configuration to have finite energy; as a
result, the total electric charge satisfies
Qe = −N
2pi
e2
∫
S1∞
A. (3.5)
In other words, due to the Chern-Simons term, the electric charge sources a holonomy
of the gauge field at infinity. This also implies that N has to be an integer, at least for
a compact gauge group, for a large gauge transformation changes Qe by Ne.
Although the long-range interaction is gone, one can still measure electric charge
infinitely far away from a source by performing an Aharonov-Bohm experiment. How-
ever, due to (3.2), only charge mod N can be measured. This is a reflection of the
discrete ZN symmetry in the term (3.1); the Chern-Simons term is invariant not only
under (3.2) but also under the shorter shifts∫
S1
A→
∫
S1
A+
1
N
2pi
e
. (3.6)
While the Aharonov-Bohm phases are only senstive to a ZN charge, this does not
mean that electric charge is only conserved modulo N . In theories with Chern-Simons
terms and monopoles, gauge invariance requires [44–47] that any such monopole spits
out N units of electric charge. As a result, it seems that electric charge can be created
or annihilated in multiples of N . However, the electric charge as measured at infinity
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via (3.5) does not change; the contribution from the newly created electric particles is
cancelled by that of the field of the monopole. Electric charge is exactly conserved, as
can be proven straightforwardly in the dual CFT; this fact will play a significant role
in Section 5.2.
3.3 Black hole solutions
Although the issues with the IR behavior of the U(1) have been resolved satisfactorily,
the flat space theory contains no black holes. This is not the case in AdS space, in
which case we have the famous BTZ black holes [48], which we now briefly review. For
further reference, check [49–52].
The BTZ black hole with mass M and angular momentum J is described by the
metric
ds2 = −N2(r)dt2 + dr
2
N2(r)
+ r2
(
dφ+Nφ(r)dt
)2
,
N(r) = −8GM + r
2
l2
+ 16
(GJ)2
r2
, Nφ(r) = −4GJ
r2
dt. (3.7)
This metric has a horizon at
r+ = l
4GM
1 +
√
1−
(
J
Ml
)2 12 , (3.8)
which exists as long as |J | ≤Ml. M is the ADM mass and J is the angular momentum
at infinity.
This black hole has been studied extensively in the literature, and shares many
properties with its higher-dimensional cousins. Namely, it has a finite horizon area,
Hawking radiation [53], and arises as the collapse of dust in an AdS background [54].
The charged BTZ black hole in theories with Chern-Simons terms (3.1) has been
studied in [55]. The presence of a horizon is only compatible with no electric field
emanating from the black hole. This is reminiscent of the standard no-hair theorems:
Much like the 4d Schwarzschild solution, the BTZ black hole satisfies a scalar no-hair
theorem [50]. A U(1) with a term (3.1) is similar to a massive scalar, as discussed
above, and thus no scalar hair is the same (at least as far as equations of motion are
concerned) as no gauge hair.
This, however, does not mean that there are no charged black holes. The BTZ
geometry (3.7) has a non-contractible 1-cycle which can support a flat connection
for the gauge field. As discussed around (3.5), such a connection measures the electric
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charge of the black hole. Thus, there are indeed charged BTZ black holes, but classically
they are identical in every way to the ordinary BTZ black hole except for an extra flat
connection on the non-contractible S1. One can measure the ZN electric charge of the
black hole from infinity via an Aharonov-Bohm effect2.
To sum up, existence of black hole solutions requires the spacetime to be AdS, and
reasonable IR U(1) interactions can be obtained via a Chern-Simons term (3.1), which
as we will see in Section 4 it is also strongly suggested by holographic considerations.
These conditions imply two major differences with the situation in higher dimensions,
which prevent us from emulating the too-many-remnants argument for the WGC in
Section 2:
• Because only a ZN charge is observable in the deep IR, there is no dependence on
the gauge coupling and no meaningful way in which we can take the limit e→ 0
far away from the black hole.
• The charged BTZ solution does not have an obvious notion of extremality (other
than the J = Ml limit),
The first point can be understood as a result of the dimensionful character of the gauge
coupling; in the IR, formally the coupling goes to infinity and thus it is not consistent to
take the e→ 0 limit in the IR; it is always strongly coupled there. The Chern-Simons
terms introduces a mass gap so that the deep IR theory should be trivial. We can only
give a proper understanding of the second point in a holographic theory, which we will
do in section 4.
3.4 Black hole discharge in AdS
Before discussing the problem from a holographic perspective, a brief discussion of the
kinematical peculiarities of AdS relevant to the WGC is in order.
In AdS space, black hole solutions fall into two categories [57–60]: Large AdS black
holes, which are bigger than the AdS radius, and small black holes. The former are
in equilibrium with their own thermal bath, and are thus stable. If we consider small
black holes instead, any WGC should demand the existence of a super-extremal state
in the theory for each value of the charge, Q.
2 Much like in [56], there is an exponentially vanishing electric field around the black hole from
which the discrete ZN charge can also be measured. Alternatively, the Hawking temperature will also
be affected and provides yet another way of measuring the ZN charge.
9
This is in contrast with the situation in Minkowski space, where one can obtain
super-extremal black holes for each value of Q just by having a single super-extremal
species p of mass m and charge q. A black hole of large charge Q can radiate away
all of its charge to infinity in the form of a cloud of Q/q non-interacting p’s. As these
particles go further away from the black hole they become more and more weakly
coupled, and in the limit of infinite separation they constitute a super-extremal state
of charge Q.
However, the usual AdS space boundary conditions behave like a box, in the sense
that signals emitted from the bulk are reflected back and never reach the boundary.
As a result, any particles emitted by an AdS black hole, evaporating or not, will
eventually interact strongly. As a consequence, mild versions of the WGC, which only
require the existence of a single super-extremal particle p, are not enough to ensure
black hole decay in AdS spaces: The cloud of emitted particles will eventually bounce
back and start interacting; there is no guarantee that the interactions do not render
the condensate sub-extremal.
As a result, in AdS a Strong/Lattice version of the WGC is the most natural one:
In each sector of charge Q, there should be a super-extremal state. While in some
cases these states might be described as strongly interacting condensates of a single
particle, in the spirit of the mild form, this description is not necessary (or generically
very useful).
4 3d black holes from the CFT perspective
So far we have made general considerations which apply to any weakly coupled theory
containing gravity and a U(1) gauge symmetry. To be able to say more we need more
control and thus from here on we will assume the existence of a holographic dual. This
will allow us to define a black hole threshold (see e.g. [30]) for operators corresponding
charged BTZ black holes in subsection 4.2, which is the CFT version of an extremality
bound.
We will begin with a brief summary of the properties of the AdS3/CFT2 correspon-
dence which will be of relevance to our study. The reader is referred to [52] for further
details.
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4.1 Extended chiral algebra and the Sugawara construction
We will consider a 2 + 1 theory with a weakly coupled limit including gravity and a
U(1) gauge field, while also assuming the existence of a holographic CFT dual. In this
case, the central charge of the CFT is related to the AdS radius l (which itself is related
to the cosmological constant as −Λ = l−2) and Newton’s constant in 3d by
c =
3l
2G
. (4.1)
The semiclassical treatment is only valid for small curvature, that is, large central
charge.
The gauge U(1) symmetry of the bulk theory is translated to a global U(1) sym-
metry in the CFT language: this is precisely the global part of the bulk gauge group.
This is so because in low-energy EFT, a bulk U(1) must couple to a conserved current:
its boundary value provides a conserved current in the CFT (a primary operator of
conformal weights (1, 0) or (0, 1)) which generates this symmetry. This is described
in more detail in appendix A. Here we just summarize the results: A gauge bulk
theory with a Chern-Simons level N > 0 induces a holomorphic current j(z) in the
boundary CFT. This current extends the chiral symmetry algebra of the theory, sup-
plementing the Virasoro algebra with extra generators jm (the Laurent coefficients in
j(z) =
∑
n jmz
−(m+1)) which satisfy [61,62]
[jm, jp] = Nδm+n,0, [Lm, jp] = −pjp+m. (4.2)
For this reason theories with additional conserved currents are said to have extended
chiral algebras. Of particular importance is the generator j0, which is the center of the
extended chiral algebra; unitary representations will be labeled by the eigenvalues of
j0, in addition to the highest weight h of the representation. As shown in appendix A,
the eigenvalue of j0 is precisely (3.5), the electric charge under the bulk U(1) of the
configuration, in multiples of the fundamental electric charge e.
For N = 0, the algebra (4.2) does not admit nontrivial unitary representations3.
Thus, as advertised in the previous Section, consistency of the holographic dual of a
three-dimensional U(1) gauge field requires N > 0, i.e. the presence of Chern-Simons
terms in the bulk action.
3 When N = 0, the set {jm} can be simultaneously diagonalized together with L0, so that j(z)|0〉 =
f(z)|0〉 for some holomorphic function f(z), as long as the vacuum state |0〉 is unique. By the state-
operator mapping, in a unitary theory this implies that j(z) = f(z)I, where I is the identity. This
is an operator of weight (0, 0) instead of the expected (1, 0), unless we are in the degenerate case
f(z) = 0.
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The CFT evolution operator is L0 + L˜0, which according to (4.2) commutes with
the electric charge. Therefore, electric charge, and not just electric charge mod N , is
an exactly conserved quantity in the theory.
An important property of theories with extended chiral algebras is the Sugawara
construction [61,62]. The stress-energy tensor T (z) of the theory decomposes as
T (z) = T ′(z) + T S(z), T S(z) =
1
2
: j(0)j(z) :, (4.3)
where T ′(z) has vanishing OPE with the currents. The Virasoro generators similarly
split as Lm = L
′
m + L
S
m, where the Sugawara generators L
S
m satisfy a Virasoro algebra
with central charge cS equal to the rank of the bulk gauge group (if abelian). The
primed generators L′m satisfy an independent Virasoro algebra with central charge
c− cS, where c is the central charge of the full Virasoro generators Lm. Clearly, c > cS
in a unitary theory. This fact has a nice interpretation in terms of the dual AdS: The
central charge essentially measures the strength of gravity, which becomes weaker as
we increase c. cS is the number of massless U(1) gauge fields present in the theory.
Thus, c > cS is just the familiar statement that massless fields tend to renormalize
Newton’s constant, making gravity weaker.
An important constraint comes from the split L0 = L
′
0 +L
S
0 . In a unitary represen-
tation of the conformal algebra, L0 is positive definite [61,62], and so is L
′
0. Therefore,
〈L0〉 ≥ 〈LS0 〉. This last operator in turn satisfies
LS0 ≥
Q2
2N
, j0|ψ〉 = Q|ψ〉. (4.4)
This is a unitarity bound which shows that the eigenvalues of L0 cannot become arbi-
trarily small for a given charge.
The conformal dimension ∆ of an operator of weights (h, h˜) is simply ∆ = h+h˜− c+c˜
24
.
We will denote by ∆0 = − c+c˜24 the conformal dimension of the vacuum. The AdS/CFT
correspondence generically relates the conformal dimension ∆ to the energy of the
bulk configuration. As a particular simple example, a scalar operator of dimension ∆
corresponds to a scalar field in AdS with a mass given by [63]
m2l2 = (∆−∆0)(∆−∆0 − 2) (4.5)
Thus, for large dimension, m ≈ ∆/l. The unitarity bound (4.4) corresponds to
m & Q
2
2Nl
, (4.6)
so that electric charge necessarily gravitates; we cannot pile up an arbitrarily large
amount of charge without the corresponding increase in energy.
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4.2 An extremality bound
The above considerations impact the computation of black hole entropy via evaluation
of the bulk action in a significant way. The Sugawara contribution to the stress-
energy tensor is also visible in the bulk. As discussed in appendix A, it is necessary to
supplement the bulk action with a boundary term proportional to
∫
∂AdS
A ∧ ∗A. This
term depends manifestly on the metric via the Hodge dual, so that it gravitates, and
it can be shown (see, e.g., [52, 64]) that its contribution precisely agrees with (4.3).
Specifically, there is a boundary contribution to the stress-energy tensor,
T Sij =
N
4pi
(
AiAj − 1
2
AkA
kgij
)
. (4.7)
in addition to the to the Brown-Henneaux stress-energy tensor, which measures the
contribution of the geometry,
T ′ij =
1
8piGl
(
g
(2)
ij − Tr(g(2))g(0)ij
)
, (4.8)
where g
(0
ij represents the “conformal boundary metric” and g
(2)
ij its first correction in
an asymptotic expansion of the metric (see, e.g., [52]). This decomposition of the total
stress-energy tensor yields a similar decomposition of its Fourier modes, which are pre-
cisely the Virasoro generators. In particular, we recover the Sugawara decomposition
of the L0 generator, L0 = L
S
0 + L
′
0.
In a spacetime containing a BTZ black hole of mass M and angular momentum J ,
we can compute the L′0 contribution exactly, from (4.8). The eigenvalues h
′
M,J , h˜
′
M,J of
the gravitational part of the stress energy tensor are [52]
h′M,J =
c
24
+
1
2
(Ml + J), h˜′M,J =
c˜
24
+
1
2
(Ml − J). (4.9)
As a result, we can assign a weight to the microstates comprising a black hole of
mass M , charge Q, and angular momentum J , as
hM,J =
c
24
+
1
2
(Ml + J) +
Q2
2N
, h˜M,J =
c˜
24
+
1
2
(Ml − J). (4.10)
Equation 4.10 has the following interpretation from the CFT perspective: In the high
temperature limit, the partition function (in the sector of charge Q) is dominated
by a (charged) black hole. This means that an overwhelming majority of the CFT
states contributing to the partition function have a semiclassical description in the
bulk containing a macroscopic BTZ black hole. These majority of states have a weight
given by (4.9), to a very good approximation.
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In other words, only operators above the black hole threshold
h & hM,J =
c
24
+
1
2
(Ml + J) +
Q2
2N
, h˜ & h˜M,J =
c˜
24
+
1
2
(Ml − J) (4.11)
can be dual to a bulk configuration with a semiclassical charged BTZ black hole of mass
M in it. States satisfying the bound(4.11) typically have a semiclassical description
containing a macroscopic, charged black hole. Thus, (4.11) is the CFT version of an
extremality bound. Any operator significantly below the bound (4.11) will correspond,
in the bulk, to a charged state lighter than the lightest black hole; a super-extremal
object, by any account.
From here on, we will refer to (4.11) as the three dimensional extremality bound.
States associated to operators that satisfy (4.11) will be referred to as sub-extremal
(extremal if the bound is saturated), and states that violate it will be denoted super-
extremal. We say that the WGC is satisfied in three dimensions in a sector of charge
Q if there exists a super-extremal state with such a charge. We will also sometimes
refer to those states as “WGC-states”. Sections 5 and 6 explore the existence of such
states in different charge sectors.
Equation (4.11) refers to the case of a single left-moving current; the parity sym-
metric case should have the corresponding Sugawara term in h˜M,J . For the parity-
symmetric case, one can take h = h˜ and thus J = 0. (4.11) now becomes a bound on
the conformal dimension of the operators,
h+ h˜ &Ml + c
12
+
Q2
N
. (4.12)
For Q = 0, we recover the familiar black hole threshold [30, 48]; BTZ microstates
correspond to operators of large dimension.
The entropy bound from the bulk and boundary perspectives
Unlike the higher-dimensional case, the extremality bound (4.11) does not show up
immediately as a consequence of the backreaction of the gauge field on the geometry.
On the contrary, the charge is carried by a flat connection, which is locally pure gauge
and therefore cannot backreact classically, even after higher derivative corrections are
taken into account.
To further motivate (4.11) as the relevant extremality condition, we will now show
that it is also in agreement with the computation of black hole entropy both from CFT
and AdS points of view. For simplicity, we will work in the parity-symmetric, J = 0
case; the task is then to recover (4.12).
14
From the CFT side, we need the partition function of the CFT in the sector of
charge Q in the high temperature β → 0 limit. As shown in Appendix B.2, due to
modular invariance this is
ZQ(β) ≈ e−
4pi2
β
∆0−Q
2
N
β, (4.13)
a slightly modified version of Cardy’s formula. The thermodynamic energy (〈h+h˜〉− c
12
)
is
〈h+ h˜〉 − c
12
= −∂ logZQ
β
= −4pi
2
β2
∆0 +
Q2
N
(4.14)
from which we obtain an entropy
S
4pi
=
√
c
12
(
〈h+ h˜〉 − c
12
− Q
2
N
)
. (4.15)
This again reproduces the black hole threshold; We need operators of dimension
higher than c/12 + Q2/N if we want to be in the regime where (4.15) is trustworthy.
On the other hand, from the bulk perspective the entropy is obtained by evaluating
the action of the Euclidean spacetime. In a BTZ spacetime, we will have the usual
BTZ black hole entropy, which depends on the mass M and comes from the boundary
terms of the gravitational action, plus the Sugawara term, which is simply −Q2
N
β. As
a result, the bulk entropy is
S =
2pir+
4G
=
2pil
4G
√
8GM (4.16)
Equality of (4.15) and (4.16), using (4.1), imposes again (4.10).
The fact that the extremality bound depends on the total electric charge, and not
only on the charge modulo N , makes it clear that Q is exactly conserved, even if only
its ZN part can be measured via an Aharonov-Bohm experiment. We will have more
to say about the extremality bound in the next Section.
5 Super-extremal states in AdS3
5.1 Modular invariance
On top of the ingredients described in the previous Section, we should require the CFT
to be modular invariant. This is often taken as a key requirement for CFT’s dual to
gravity theories. As explained in [65, 66] (see [52] for a review), modular invariance
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can be understood from the fact that the AdS/CFT prescription instructs us to sum
over every geometry with the same asymptotic behavior. The CFT partition function
on the torus is dual to a sum over every geometry with flat AdS asymptotics. This
turns out to include black hole states in a SL(2,Z) multiplet in such a way that the
resulting partition function is modular invariant. Thus, modular invariance is related
to the existence of black hole states in AdS. In fact, we expect the high temperature
partition function to be dominated by a single black hole semiclassical contribution,
and thus the high-temperature entropy of the CFT should reproduce (4.15). This is
famously the case if we apply Cardy’s formula, which requires modular invariance.
Modular invariance is a strong constraint on a theory: It forces a GSO projection,
the equality of the left and right-moving central charges (modulo an integer), and for
theories with extended chiral algebras in which the U(1) sector is modular invariant
by itself it forces the charge lattice (the n-dimensional lattice spanned by the charge
vectors ja0 of every operator in the theory) to be even and self-dual [40, 61].
We should stress that throughout this paper we require modular invariance of the
statistical partition function, defined as a trace Tr(exp−βH) over all the states of the
theory, possibly with extra insertions to accomodate a chemical potential. This is
unlike the worldsheet CFT partition functions considered in [31], which lack a direct
statistical interpretation and can vanish, typically in supersymmetric configurations.
We will see, in the remainder of this Section, how modular invariance readily implies
a statement along the lines of the Weak Gravity Conjecture.
5.2 The spectral flow & super-extremal states
As discussed in Section 3.3, the effective field theory in AdS retains invariance under
global large gauge transformations, and in particular under shifts of the flat connection
of the black hole Q→ Q+ nN , for any integer n. This property, which is only present
for theories with a compact gauge group, will be essential in establishing the WGC in
three dimensions.
We will now describe how invariance under large gauge transformations of the
charged BTZ black hole is implemented in the CFT. The extended chiral algebra (4.2)
admits a nontrivial automorphism [52,61,62]
Ln → Ln + µjn +Nµ2, jn → jn +Nµδn,0, µ ∈ R (5.1)
known as spectral flow. To our knowledge, this automorphism has been mostly used
in supersymmetric setups to constrain the elliptic genus [67–72]. Physically, it shifts
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the electric charge Q (measured by j0) by µ. Similar considerations would apply to
antiholomorphic currents, putting a tilde on top of everything.
Spectral flow by µ is not a symmetry of the theory for generic µ. However, acting on
some operator operator of charge Q whose bulk description resembles a BTZ black hole,
the transformation (5.1) turns it into another black hole state of charge Q+Nµ. Hence,
for µ = n, the spectral flow automorphism maps microstates of a black hole of mass M
and charge Q to microstates of a black hole of charge Q + nN and mass M + N/l, in
order to comply with the extremality bound (4.11). In the highly subextremal limit,
M  Q2/(Nl), we can neglect the change in mass; the effect of the spectral flow is
just to shift the charge, by an integer multiple of N , precisely in agreement with the
behavior of the large gauge transformation of the semiclassical theory.
Spectral flow by N units leaves the spectrum of large black hole states invariant, but
modular invariance relates these high temperature solutions to the AdS vacuum. As a
consequence, spectral flow by N units becomes an exact symmetry of the full theory.
We prove this, directly in the CFT, in Appendix B, and now discuss the interesting
consequences. In particular, acting with the spectral flow on the identity operator
yields a state of charge N and (in compliance with (4.4)) h = N/2, h˜ = 0, i.e.
∆−∆0 = N
2
, J =
N
2
, Q = N. (5.2)
In this way, modular invariance requires the presence of light charged (super-
extremal) operators, and hence the existence of bulk states that fulfill the WGC in
the sector of charge Q = N . In fact, these states are as light as they can be, since
they saturate (4.4). As a consequence, the operators satisfying (5.2) are primaries;
their bulk interpretation is a massive state sitting in the center of AdS [73]. In the
parity symmetric case, where this state is a scalar, the AdS mass of the state is given
by (4.5). This argument, applied to the worldsheet CFT, was used in [1] to prove the
Weak Gravity Conjecture in perturbative heterotic CFT models. See also [31] for a
more in-depth discussion of the subtleties of this approach.
For level N = 1, equation (5.2) qualifies as an example of a Lattice Weak Gravity
Conjecture: For each Q, it predicts the existence of a (very) super-extremal state,
since we can apply the spectral flow automorphism as many times as we want. For
N = 1, the spectral flow states of (5.2) and their Virasoro descendants allow small
charged black holes to decay to radiation. If no charged states below (4.11) existed,
then a small charged black hole would not be able to evaporate completely, resulting
in a remnant. However, this is not as troublesome as in higher dimensions, since
the too-many-remnants arguments of Section 2 do not apply: The gauge coupling is
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dimensionful, and it only depends on the AdS radius and the current algebra level
(which we are setting to one for now). As a result, there is no parameter for us to
tune, and no troublesome limit in which we get too many mass degenerate black hole
microstates.
Perhaps one may argue instead that in three dimensions the WGC states exist in
order to accommodate a Hawking-Page transition in the charged sectors : At large
temperature, the partition function in the sector of charge Q is dominated by a large
black hole. If there is a Hawking-Page phase transition at some temperature, the
partition function at low temperature should be dominated by radiation over AdS.
This will only be the case if there is a light enough excitation over AdS. This argument
is even less compelling than the ones based on remnants in Section 2: We do not
see anything evidently wrong with a theory in which the lightest charged state is
above the black hole threshold and there is no Hawking-Page transition. In any case,
since the Hawking-Page phase transition of BTZ black holes is also related to modular
invariance [59,60], this does not seem an unreasonable connection.
For N > 1, (5.2) only provides super-extremal states with charge multiple of N , in
other words, only for sectors of vanishing ZN charge (the measurable Aharonov-Bohm
phase of the black hole). Therefore, spectral flow arguments are not enough to show
that a version of the WGC holds for the discrete ZN charge. Although the general
remnant arguments for the WGC do not hold anyway for discrete symmetries, Section
6 studies what can be said in this case.
Notice that the operator predicted by (5.2) has nonvanishing angular momentum,
and in fact it has the maximal J compatible with the unitarity constraint h˜ > 04. This
is related to our assumption of a holomorphic current in the CFT (equivalently, a U(1)
with positive Chern-Simons level). Generally, one may consider an extended chiral
algebra with both holomorphic and antiholomorphic currents. Spectral flow under a
linear combination of these currents shifts h and h˜ accordingly. Of particular interest is
the case of parity symmetric theories. In AdS, parity takes a U(1) with level N Chern-
Simons to another one with level −N , and thus in the CFT requires the presence of
both left and right-moving currents at level N . One may consider spectral flow along
the diagonal combination of both U(1)’s, which yields
∆−∆0 = N, J = 0, Q = N. (5.3)
4Such states are often called extremal. The BTZ metric (3.7) with J = Ml is on the verge of
developing a naked singularity. We will avoid this terminology in order to avoid a clash with our
charge-dependent notion of extremality (4.11)
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In AdS, this corresponds to a scalar field of mass ∼ N/l. Notice that while in the
purely holomorphic case (5.2) the condition of modular invariance h− h˜ ∈ Z forces us
to consider even N , no such restriction exists for the parity-symmetric case.
The spectral flow argument is easily generalized to theories with more than one
U(1). In this case, the current algebra (4.2) is modified to
[jam, j
b
n] = N
abδ0,m+n, (5.4)
the Sugawara term is now
LS0 =
1
2
N−1ab Q
aQb (5.5)
and the spectral flow provides light charged states only for a sublattice of the charge
lattice (spanned by the columns of Nab, where vb is a generic vector in the dual of
the charge lattice). Thus, the spectral flow argument only supports a Sublattice WGC
instead of the full Lattice WGC introduced in [13]. A sublattice WGC is in many
ways more similar to a mild form of the WGC than to a strong form. For instance,
the sublattice WGC would allow for the loophole discussed in [4–9, 12] to argue for
transplanckian field ranges in natural inflation.
Recently [30] has obtained an upper bound on the conformal dimension of the
lightest charged state, in terms of the weight of the vacuum ∆0 = − c+c˜24 ,
∆−∆0 < c
6
+
3
2pi
+O(c−1) (5.6)
which improves to ∆ < 1 + O(c−1) for (1, 1) supersymmetric theories. These bounds
are more general than (5.2), as we have assumed compactness of the gauge group,
whereas no such assumption has been made in (5.6). For the compact case, the level of
the current algebra has a physical meaning; it provides a metric on the charge lattice,
via the Sugawara construction. Although it is always possible to rescale the current so
that N = 1, the charge lattice changes in the process, and different lattices correspond
to different Dirac quantization conditions. On the other hand, [30] shows the existence
of a single light charged operator, whereas as we argued in Section 3.3 we would expect
to have one for each charged sector of the theory. Furthermore, (5.6) does not give in
general a state below the black hole threshold (4.11). The power of (5.6) however lies
in its generality, as it can be applied to any situation with an abelian current algebra.
5.3 3d black holes and global symmetries.
Not only the usual WGC arguments based on remnants do not seem to hold in the
three-dimensional case; even the usual argument for the absence of global symmetries
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in quantum gravity does not directly apply to BTZ black holes. The usual wisdom
is that a black hole charged under a global symmetry does not have any hair giving
it away, and thus black hole evaporation leaves us with potentially infinitely many
different microstates. Continuous gauge symmetries escape this argument because the
charge can be measured at infinity via Gauss’ law, and the resulting solutions come with
an extremality bound which forbids large pile-ups of charge without a corresponding
increase in the mass.
Although the U(1) charge discussed throughout this paper is gauge, it behaves more
like a global charge when thrown into a BTZ black hole. For N = 1, the Aharonov-
Bohm phase of any charged particle circling the black hole is trivial, and the external
electric field also vanishes. There seems to be no way to distinguish from the outside
two BTZ black holes with different values of electric charge Q.
Furthermore, Hawking radiation is insensitive to Q. From the point of view of the
low-energy effective field theory discussed in Section 3, the two black holes are related
by a large gauge transformation of the form
A→ A+ dφ
e
(5.7)
i.e. by a Wilson line in H1(X,Z), supported on the nontrivial 1-cycle of the BTZ
spacetime. Upon this transformation the action shifts by the boundary term (A.5), so
it is a symmetry of the classical theory. This is reflected on the entropy formulas of
Section 4.2, which only depend on the black hole mass; as a result, Hawking radiation
is independent of Q. Alternatively, we can look at the original computation of Hawking
radiation, which is only sensitive to the equation of motion and the inner product chosen
on the space of solutions (see [53] for the relevant BTZ black hole case). Coupling
to a flat connection only modifies the equation of motion of that reference by the
replacement ∇µ → ∇µ − iqgAµ. If we consider a charged BTZ black hole, Aµ is
just a flat connection A = Qdφ, which can be reabsorbed via a gauge transformation
acting on the charged field ψ as ψ → eiqQφψ. As a result, we end up with the same
equation of motion as for Aµ = 0, but the angular momentum of each solution is
shifted by qQ. The set of all solutions, however, and the Bogoliubov coefficients (which
give directly Hawking temperature) remain the same. Finally, the computation of the
Hawking temperature in the Euclidean formalism (where it is chosen to avoid a conical
singularity in the Euclidean solution) is again manifestly independent of the black hole
charge.
So, for all effects and purposes in the semiclassical theory, the electric charge of
black holes behaves like a global charge. However, the usual way to get into trouble
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with remnants (building a very large black hole and then waiting for it to evaporate
via Hawking radiation) does not work, as a BTZ black hole larger than the AdS radius
will not evaporate. Even if we were somehow able to put an arbitrarily large amount
of charge in a black hole of radius r ≤ l, such a black hole has a mass lower than the
three-dimensional Planck mass. As a result, there will be generically large quantum
corrections which make the semiclassical picture of Hawking radiation and even the
BTZ metric itself unreliable.
To sum up, on one, hand, large black holes in AdS do not decay and do not lead
to a large number of light remnants, whereas in three dimensions quantum effects are
important even for black holes much larger than the Planck length. As a result, there
is no apparent contradiction with the semiclassical unobservability of the black hole
electric charge, in contrast with the situation in d > 3.
From a holographic point of view, a gauged symmetry in the bulk is in a one to one
correspondence with a conserved current in the CFT. Thus, in AdS/CFT the statement
that symmetries are gauged in quantum gravity is equivalent to Noether’s theorem in
the CFT [74]. While this is not a proof that all continuous symmetries are gauged, given
the fact that it is not clear that Noether’s theorem holds for nonlagrangian theories, it
is a more compelling argument than those based in remnants.
6 Constraints on theories with level N current al-
gebras
Although the results of Section 4 constitute a version of the WGC for a U(1) in three
dimensions, it only predicts operators with charge an integer multiple of N . In this
case there is a ZN charge, given by the original U(1) charge mod N , for which spectral
flow provides no light states. In other words, for a theory with a level N Chern-Simons
term black holes can have an extra ZN charge, which is measurable at infinity via an
Aharonov-Bohm experiment.
In this Section, we will find out just how much can modular invariance alone tell
us about this ZN charge.
6.1 Modular invariance constraints
As mentioned above, the spectral flow automorphism implies invariance of the spectrum
under a shift of N units of charge. The theory splits into N sectors with different
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values of charge modulo N . The partition functions in these sectors are also heavily
constrained by modular invariance, as we will now see. We will start with the usual
partition function with chemical potential,
Z(z, τ) =
∑
exp(−2piiQ0z)qL0− c24 q¯L¯0− c˜24 . (6.1)
The partition function in the sector of ZN charge Q0 (that is, charge Q0 mod N) is
related to the above via
ZQ0(τ) =
1
N
N−1∑
k=0
e2piiQ0
k
NZ(
k
N
, τ). (6.2)
We may regard ZQ0 as a function on ZN . Eq. (6.2) tells us that the discrete Fourier
transform of Z(z, τ) is precisely ZQ0 . Equivalently,
Z
(
k
N
, τ
)
=
N−1∑
Q0=0
e−2piiQ0
k
NZQ0(τ). (6.3)
A simple candidate for a ZN version of the WGC in the parity-symmetric case would
be the statement that ZQ0(τ) is bigger than exp
(
−βQ20
N
)
, in the low temperature β →
∞ limit. In this limit, ZQ0 ≈ exp(−β∆Q0), where ∆Q0 is the dimension of the lowest
dimension operator in the sector of charge Q0 mod N . Therefore, ZQ0 > exp
(
−βQ20
N
)
would mean that we have an operator with h+h˜ lower than c
12
+Q2/N . This is precisely
the black hole threshold (4.12). We will see later on that this form of the conjecture is
not satisfied using modular invariance alone, in Section 6.2.
We will now use modular invariance to relate
Z
(
k
N
, τ
)
= exp
(
−pii k
Nτ
)
Z
(
k
Nτ
,−1
τ
)
= Tr
(
qL
′
0+
(Q−k)2
2N q¯L˜0
)
= ZS,−k(q),
q ≡ exp
(
−2pii1
τ
)
. (6.4)
In other words, as discussed in Appendix B, modular invariance again relates the
partition function with chemical potential to the partition function without chemical
potential after spectral flow of the theory by −k units, ZS,−k. Using invariance of the
theory under spectral flow by N units, the partition function in the sector of charge
Q0 mod N may be factorized as
ZQ0
(
−1
τ
)
= ZQ0
(
−1
τ
)[ ∞∑
l=−∞
exp
(
2piiτ
(Q0 + lN)
2
2N
)]
= ZQ0
(
−1
τ
)√
τ
Ni
ϑ
(
Q0
N
,
τ
N
)
. (6.5)
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ZQ0(τ) is the partition function of charge exactly Q0. Spectral flow allows us to recover
the full partition function in the sector of charge Q0 mod N from ZQ0(τ). This allows
us to rewrite the partition function of the spectrally flowed theory as
Z
(
k
N
, τ
)
= ZS,−k
(
−1
τ
)
=
N−1∑
Q0=0
ZQ0
(
−1
τ
)√
τ
Ni
ϑ
(
Q0 − k
N
,
τ
N
)
. (6.6)
We may further expand each term into a series in exp(2piik/N),
ϑ
(
Q0 − k
N
,
τ
N
)
=
exp
(
−piiQ20
Nτ
)
√−iNτ
N−1∑
Q1=0
e2piiQ1
k
N ϑ
(
Q1
N
+
Q0
Nτ
,− 1
Nτ
)
, (6.7)
so that
Z
(
k
N
, τ
)
=
N−1∑
Q1=0
e−2piiQ1
k
N
[
1
N
N−1∑
Q0=0
ZQ0
(
−1
τ
)
exp
(−piiQ20
Nτ
)
ϑ
(
Q1
N
+
Q0
Nτ
,− 1
Nτ
)]
.
(6.8)
On the other hand, we also have
Z
(
k
N
, τ
)
=
N−1∑
Q1=0
e−2piiQ1
k
NZQ1(τ) =
N−1∑
Q0=1
e−2piiQ1
k
N
ZQ1(τ)√−iτN ϑ
(
Q1
N
,− 1
Nτ
)
. (6.9)
Equating both expressions we arrive at
ZQ1(τ) =
N1∑
Q0=0
M
(
−1
τ
)
Q1Q0
ZQ0
(
−1
τ
)
,
M(τ)Q1Q0 =
√
i
Nτ
exp
(
piiτQ20
N
)
ϑ
(
Q1
N
− Q0
N
τ, τ
N
)
ϑ
(
Q1
N
, τ
N
) = √ i
τ
1√
N
exp
(
2pii
Q0Q1
N
)
.
(6.10)
The matrix M(τ) implements the S modular transformation on the charged partition
functions. It is simply a unitary discrete Fourier transform U times a nontrivial factor.
Much like in the original derivation of Cardy’s formula [51,75], we can use (6.10) to
ascertain the UV behavior of the partition function in each charge sector. We expect
the sector of charge Q0 mod N to be described in AdS by a large black hole with charge
Q0 mod N . Unlike in the previous case, this ZN charge can indeed be observed from
infinity via an Aharonov-Bohm experiment in which a particle of charge 1 circles the
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black hole. However, the charge will only be observable as long as there are no other
effects which cancel the Aharonov-Bohm phase; in the example which we will introduce
in Section 6.2 this is precisely what happens.
Let us now explore the consequences of (6.10); we will take τ = iβ
2pi
in what follows,
so that we have an ordinary partition function. In the β → ∞ limit, the partition
function ZQ0 goes as exp(−β∆˜Q0), where ∆˜Q0 is the dimension of the operator with
lowest dimension in the sector of charge Q0 mod N , after substraction of the Sugawara
contribution
Q20
2N
(due to spectral flow invariance, the operator of lowest dimension will
actually have U(1) charge Q0) . Of course, ∆˜Q0 ≥ ∆0, the conformal dimension of the
vacuum, for unitarity.
There are two different behaviors in the UV partition function, depending on the
number of conformal dimensions ∆˜Q0 equal to ∆0:
• If ∆˜Q0 = ∆0 only for Q0 = 0, then in the β → ∞ limit the vector of partition
functions looks like
~Z = (Z0,Z1, . . . ,ZN−1) = e−β∆0(1, 0, . . .) + ~c, (6.11)
where ~c contains exponentially small corrections. According to (6.10), the parti-
tion functions in the β → 0 limit are simply
ZQ0 =
1
N
exp
(
−4pi
2
β
∆0
)
+ c′Q0 , (6.12)
where again c′Q0 vanish exponentially fast, i.e. they go as as exp(−β ∗ x) with
x > 0. In other words, in the high temperature limit every sector is dominated
by a black hole configuration of the same action, whose action is identical to that
of the usual BTZ black hole modulo a correction logarithmic in N . In this way,
summing over every sector we recover the usual partition function for the BTZ
black hole, as should be the case since all the assumptions that lead to Cardy’s
result still apply. This is as expected; the discrete ZN hair of the black hole is
washed out in the thermodynamic limit [56]; Nevertheless, the phase might still
be detectable in principle via an Aharonov-Bohm effect.
Notice that the c′Q0 in (6.12) translates to an exponentially suppressed correction
to the black hole effective action, which depends on the dimensions of the lowest-
lying states in each sector:
IQ0 = lnZQ0 = −
4pi2
β
∆0
(
1 + ln
(
c′Q0e
4pi2
β
∆0
))
. (6.13)
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It is natural to guess that the bulk description of these nonperturbative effects
corresponds to the nonperturbative contributions discussed, in the 4d context,
in [56]: Namely, that they correspond to instantonic euclidean particles wrap-
ping the S1 of the euclidean black hole, so that they give a charge-dependent
contribution to the action thanks to the Aharonov-Bohm phase.
• If ∆˜Q0 = ∆0 for some Q0 6= 0, in the β → ∞ limit the vector of partition
functions looks like
~Z = e−β∆0~v + ~c, (6.14)
where ~v has a 1 for every Q0 with ∆Q0 = ∆0 and ~c again contains corrections ex-
ponentially smaller than the first term. Unlike in the previous case, the partition
functions of every black hole are not identical, but rather we have
ZQ0 = gQ0 exp
(
−4pi
2
β
∆0
)
+ c′Q0 , (6.15)
for some constants gQ0 . Thus, the effective actions of the charged black holes are
different from each other, by a logarithmic correction. The sum
Z =
∑
Q0
ZQ0 = exp
(
−4pi
2
β
∆0
)
(6.16)
still reproduces Cardy’s result, due to the properties of the discrete Fourier trans-
form.
In the extreme case where ~v = (1, 1, . . . , 1), the Q0 = 0 black hole has an entropy
equal to the usual BTZ black hole, while the high temperature behavior of the
partition function of every other charge sector is not dominated by the operator
of lowest dimension, but rather by the one of second-lowest one. This certainly
does not coincide with the results from charged black holes with a Chern-Simons
term, so that this case is not likely to be dual to a weakly coupled U(1)+gravity
in the bulk.
We therefore see that modular invariance relates the presence of extra particles satu-
rating the unitarity bound in the Q0 6= 0 sector with relatively large corrections to the
charged black hole free energy (i.e. corrections not exponentially suppressed). Black
hole free energy computed from the weakly coupled bulk dual strongly suggests that
we are in the first case described above; as a result, no particles saturating the bound
are likely to exist.
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This does not preclude the existence of charged operators with conformal dimension
below the black hole threshold (4.12); as discussed above such operators would satisfy
the WGC. In what follows we will provide a simple example in which this is not the
case, as well as discuss generic bounds to the dimension of these charged operators via
modular bootstrap of (6.10). This will allow us to connect with the results of [30] in
an explicit way.
6.2 An example based on alignment
The considerations of the previous section suggest that, unlike in Section 5.2, modular
invariance is not directly concerned with the existence of ZN charged states of low
conformal dimension. We will now provide an explicit example thus showing that this
is indeed the case: The state of lowest ZN charge can have an arbitrarily high conformal
dimension.
Consider a modular invariant theory consisting of just two left-moving and two
right-moving U(1)’s at level 1. The charge lattice is the even self dual Λ2,2, spanned
by the vectors {(1, 0,−1, 0), (1
2
, 0, 1
2
, 0), (0, 1, 0,−1), (0, 1
2
, 0, 1
2
)}. With this choice, the
U(1)2 current algebra is dual to two bosons compactified at the self-dual radius; the
associated factor in the partition function is modular invariant by itself. The theory
has central charge c = 2; we can take the tensor product with any other theory of our
choice to achieve the large central charge regime necessary to have a weakly coupled
gravitational dual.
A generic vector in the charge lattice will be labeled as (a, b, c, d). The left-moving
Sugawara L0 is
LS0 =
1
2
(a2 + b2). (6.17)
There are current algebras of any level we desire embedded here. For instance, consider
the lattice vector ~v = (N, 1, 0, 0); in what follows we will omit the last two entries as
we will be working purely within the left-moving part of the algebra. A vector (a, b)
in the charge lattice may be decomposed into a component along ~v and another ~v⊥
orthogonal to it. The longitudinal component is the vector
Q
N2 + 1
(N, 1), Q ≡ aN + b. (6.18)
so that LS0 takes the form
LS0 =
Q2
2(N2 + 1)
+
|~v⊥|2
2
. (6.19)
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Thus, we have rewritten the system as a U(1) current algebra at level N2 + 1, plus
an extra contribution. Actually, Q is quantized in half-integers, and thus in the con-
ventions used in the rest of the paper (where charges are integer quantized) the level
would actually be 4(N2 + 1). We want to know what is the lowest possible value of the
extra term, |~v⊥|
2
2
, in each sector of charge Q. Since
|~v⊥| = 1√
N2 + 1
∣∣QN − (N2 + 1)a∣∣ , (6.20)
the lowest value is attained when a is such that | QN
N2+1
− a| ≤ 1/4, or in other words
|~v⊥|2min
2
=
N2 + 1
8
dist2
(
2QN
N2 + 1
)
, (6.21)
where dist2(x) is the square of the distance of the real number x to the nearest integer.
For Q = 1, this reduces to N2/(2(N2 +1)), which is always smaller than 1/2. Thus,
the correction (over the Sugawara term) in this sector (charge Q0 = 1 mod N) is always
relatively small. However, the maximum of the above equation for large N grows as
N2/32, since for large N there is enough density so that for some Q ≈ N
2
(a + 1/2),
2NQ/(N2 + 1) is close to a half-integer, so that the dist2(x) term in (6.21) is just 1/4.
Thus, in this particular example, we see that we can get a level N current algebra
in which the dimension of the lowest state in some charged sector has a gap of at least
N2/32. We can do this at fixed central charge, which implies that by a perverse choice
of U(1) we can have a current algebra for which the state of lowest charge in some
sector is as massive as we want. This is in direct violation of the Lattice WGC which,
as discussed in Section 3.3, is the version of the conjecture expected to apply in AdS
backgrounds. This specific example thus proves that modular invariance alone is not
enough to prove this version of the Lattice WGC for theories with a compact current
algebra at level N .
We can also see invariance under spectral flow explicitly. The non-Sugawara con-
tribution to L0 is given by
|~v⊥|2
2
=
1
2(N2 + 1)
(
QN − (N2 + 1)a)2 . (6.22)
Equation (6.22) is invariant under Q → 2(N2 + 1), a → a + 2N . This corresponds to
shifting (a, b, c, d) by (2N, 2(N2 −N + 1), 0, 0), which is a vector in the charge lattice,
and thus this transformation is allowed. Every state in the sector of charge Q is thus
mapped to another with the same |~v⊥|
2
2
but different Q, as demanded by spectral flow
invariance.
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The above example seems to rule out any version of the WGC for ZN theories,
having to settle for the spectral flow version discussed in Section 5.2. However, this
particular mechanism to engineer a level N current algebra has the drawback that the
underlying charge lattice is always an integer lattice. When performing an Aharonov-
Bohm phase experiment in which a particle with charge vector ~Qp circles a black hole
with charge vector ~QBH, the resulting phase is proportional to ~Qp · ~QBH which is an
integer and thus trivial. The Aharonov-Bohm phase resulting from the charge under
U(1)v is cancelled by the contribution coming from the orthogonal U(1)v⊥ . Hence there
is no way to distinguish black holes with different Z4(N2+1) charge, and as a result, there
is no WGC argument to begin with.
In light of these considerations, it is entirely possible that some version of the WGC
actually holds for ZN theories in which the black hole ZN charge is actually measurable
at infinity via an Aharonov-Bohm experiment. Nevertheless, unlike for the spectral flow
WGC in Section 5.2, modular invariance is not enough.
6.3 Modular bootstrap approach
Equation (6.10) is well suited for the modular bootstrap approach pioneered in this
context in [73]. The recent work [30] used modular bootstrap techniques to place
constraints on the dimension of the charged operator of lowest weight in a theory with
an abelian current algebra. The results in this reference are quite general and work
even for noncompact gauge groups. For compact groups, we have seen that spectral
flow provides us with stronger bounds, as long as the current algebra level is N = 1.
For higher N , there are no such constraints, as we have discussed in Sections 6.1 and
6.2. However, the bound of [30] must still apply, and it would be interesting to figure
out to which charge mod N do they apply. It is clear from the example in Section
6.2 that modular invariance alone is not enough to prove the WGC; in this Section
however we will explore the constraint placed by modular invariance on the spectrum.
Following [73], let us look at modular invariance near τ = i, by parametrizing
τ = i exp(s). Then, the modular invariance constraint (6.10) takes the form
~Z(−s) = exp(−s/2)U ~Z(s). (6.23)
This is especially well suited for modular bootstrap purposes. Using (6.23) twice, we
see that ~Z(s) = U ~Z(s), so that ~Z(s) decomposes in two pieces, ~Z(s) = ~Z+(s) + ~Z−(s)
with eigenvalues ±1 under U (the discrete Fourier transform operator has in general
four distinct eigenvalues ±1,±i; the latter are absent in this context). Since U is
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unitary, ~Z±(s) are orthogonal and (6.23) becomes
~Z±(−s) = ± exp(−s/2) ~Z±(s). (6.24)
Let us take the n-th derivative of (6.24) and evaluate at s = 0 (we will omit the
argument for convenience):
(−1)n ~Z(n)± = ±
n∑
k=0
(
n
k
)(
−1
2
)k
~Z(n−k)± . (6.25)
Derivatives with respect to s are related to those with respect to β as
Z(n)Q0 =
n∑
k=1
{
n
k
}
(2pi)k
dkZ
dβk
=
n∑
k=1
{
n
k
}
(−2pi)k〈∆k〉Q0ZQ0 , (6.26)
where
{
n
k
}
are Stirling numbers of the second kind.
The constraints (6.24) can be attacked in principle via linear programming tech-
niques, supplemented with the constraints 〈∆kQ0〉 ≥ ∆k0 which ensure that the conformal
dimension of every operator is above the vacuum ∆0. We will present here the results
for n = 1 only. The variables are ~Z±, ~Z(1)± , and the constraints are
~Z− = 0, ~Z(1)+ =
1
4
~Z+. (6.27)
This means that
~Z(1) = ~Z(1)− +
1
4
~Z+, ~Z = ~Z+, (6.28)
and as a result
−2pi〈EQ0〉 =
1
4
+
Z(1)−,Q0
Z+,Q0
. (6.29)
We are interested in an upper bound for 〈EQ0〉, so all we have to do is minimize the
above equation where ~Z(1)− is a generic vector of the negative eigenspace of the Discrete
Fourier Transform, and ~Z+ is a generic vector of the positive eigenspace, with all its
components positive. This is a very simple linear programming problem, if we take
Z+,Q0 = 1, which we can do without loss of generality. We have to supplement the
above with the constraint that the energy of no sector can be lower than that of the
vacuum, (
−2pi∆0 − 1
4
)
Z+,Q0 ≥ Z(1)−,Q0 . (6.30)
29
For N = 2, these constraints can be easily solved analytically to yield a bound
〈∆1〉 ≤
(
3 + 2
√
2
)
pi c+c˜
2
− 3 (2 +√2)
12pi
, (6.31)
Thus, there must be some operator with charge 1 mod 2 below the right hand side of
the above equation. For large central charge, this bound is above the threshold (5.6).
The bound is also less stringent than (5.6).
For N = 3, one can also solve analytically the problem, to obtain
〈∆1〉 = 〈∆2〉 ≤
2
(
2 +
√
3
)
pi c+c˜
2
− 3 (3 +√3)
24pi
(6.32)
For N = 4 and beyond, however, the linear programming problem is unbounded, save
for the (uninteresting) vacuum sector Q0 = 0. Thus, it is not possible to get nontrivial
constraints in this case, at least with the simple approach taken here.
7 Conclusions
The WGC is a very useful and seemingly general feature of stringy models, which is also
supported by some general quantum gravity arguments, though these present several
loopholes and caveats. We have explored the WGC in three-dimensional AdS space,
where most of these arguments do not directly apply, and found that nonetheless a
version of the (Lattice) WGC conjecture seems to hold in the context of the AdS/CFT
correspondence. More specifically, we have shown that in any theory with a compact
U(1) and a modular invariant holographic dual there are light charged states below
the black hole threshold, which, in a certain sense, plays the role of the 3d extremality
bound.
Our considerations make manifest that, at least in the three-dimensional case, the
WGC is independent of any remnant-based arguments. It is still true that the light
states predicted by the WGC allow for a Hawking-Page phase transition for small black
holes in charged sectors.
The electric charge of a large black hole in AdS is represented by a flat holonomy,
which is not measurable semiclassically. Neither Aharonov-Bohm type of experiments
nor the semiclassical entropy formula seem sensitive to it (aside from a ZN subgroup).
This peculiarity of three-dimensional black holes renders gauge charges in 3d very
similar to global charges, at least in the semiclassical limit. We know however that
electric charge is exactly conserved, as a consequence of the extended chiral algebra of
the CFT. The usual arguments against global symmetries do not apply, both because
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large AdS black holes do not evaporate and because we expect significant quantum
corrections for any black hole smaller than the AdS radius.
Consistent coupling of a U(1) in three dimensions requires a Chern Simons cou-
pling, which is dual to a current algebra at level N in the CFT. In this case, modular
invariance is enough to show that the WGC holds for the quotient U(1)/ZN , where ZN
is generated by exp(2pii/N) in the original U(1). In other words, we only have WGC
states in sectors of charge an integer multiple of N . We have explored the constraints of
modular invariance on these ZN charged sectors, showing that ZN charged states satu-
rating the unitarity bound (4.4) mean order 1 differences in the entropy of large black
holes with different ZN charge; if these states are absent then the different ZN black
hole entropies are equal to each other up to exponentially small corrections. We have
also shown via an explicit counterexample that modular invariance is not enough to
have a WGC statement in these sectors as well. Nevertheless, modular invariance does
produce some nontrivial constraints for low N , which we have studied via a modular
bootstrap approach.
To sum up, modular invariance of the holographic dual together with compactness
of the gauge group seems to lead to a WGC in three dimensions. In three dimensions,
just having a CFT dual is not enough for our version WGC to hold: we need to impose
both modular invariance and compactness of the gauge group. This fits in nicely with
the results of [27], which studied the WGC in four-dimensional AdS space, and found
that some CFT’s apparently violated the conjecture. Perhaps some extra constraint,
akin to modular invariance, has to be imposed on the CFT.
Of course, the drastic differences in the behavior of both gauge fields and gravity
between three and more dimensions, which played an essential role in our reasoning,
may invalidate any comparison between the three-dimensional and higher dimensional
cases. Whether or not this is the case, we find interesting that the proof of existence
of light charged states in AdS3 seems to be so independent of any considerations of
remnants, a species problem, or any of the original WGC rationale.
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A Duality between Chern-Simons and current al-
gebra
In this appendix we review the relationship between a Chern-Simons bulk term and a
current algebra at level N . The following discussion is taken from [52, 64]; we include
it mostly to fix normalization. The discussion is in Euclidean signature; a similar
argument runs in the Lorentzian case, taking lightcone coordinates instead of complex
ones.
We start with a Chern-Simons term (3.1)
SCS = i
Ne2
4pi
∫
F ∧ A. (A.1)
The general AdS/CFT dictionary instructs us to evaluate variations of the on-
shell bulk action to obtain the dual CFT source [63]. We want to obtain the current
generating the global part of the U(1) bulk gauge symmetry, so we should vary the
on-shell action with respect to variations of the gauge field which do not vanish at
infinity:
δI =
ie
2pi
∫
∂AdS
d2xjαδAα. (A.2)
We need to know what are the allowed variations δAα. In the bulk, we know that the
holonomy of A on the circle at infinity measures the electric charge, and as such Aφ is
constrained. Hence, only the time component of A is allowed to vary freely in a solution
of the equations of motion. Introducing a holomorphic coordinate w ≡ φ + it/l, the
variational principle holds that either Aw or Aw¯ must be kept fixed, but not both, when
looking for solutions to the classical equations of motion. We will take δAw¯ = 0 and
justify later why this is the only correct choice. That means that when varying the
action there should be no boundary dependence on δAw. In other words, (A.2) takes
the form
δI =
ie
2pi
∫
∂AdS
√
gd2wjw¯δAw¯. (A.3)
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However, the variation of the Chern-Simons term (3.1) is not of the form (A.3). Ex-
plicitly, we have a boundary term
δSboundaryCS = i
Ne2
4pi
∫
∂AdS
δA ∧ A = iNe
2
4pi
∫
∂AdS
(δAwAw¯ − δAw¯Aw)dw ∧ dw¯. (A.4)
This can be fixed if we add a boundary term5
Iboundary =
Ne2
8pi
∫
∂AdS
A ∧ ∗A = −iNe
2
4pi
∫
∂AdS
(AwAw¯)dw ∧ dw¯ (A.5)
to the action. Then
δIboundary = −iNe
2
4pi
∫
∂AdS
(δAwAw¯ + δAw¯Aw)dw ∧ dw¯ (A.6)
Since dw ∧ dw¯ = −id2w, we have
jw =
1
2
jw¯ = iNeAw. (A.7)
We thus get a holomorphic operator jw ≡ j(w), of spin one and conformal dimension
one. This will generate in the CFT the global part of the U(1) gauge group.
We can compute the commutator of the currents using (A.2) and the standard
AdS-CFT prescription. We have
〈δj〉 = iNe〈δAw〉 = ie
2pi
∫ √
gd2w′〈j(w′)j(w)〉δAw¯ (A.8)
We can evaluate δAw from the bulk equation of motion which tells us that, at infinity,
δF = 0 ⇒ ∂w¯δAw = ∂wδAw¯ (A.9)
so that, taking derivatives from (A.8)
N∂w¯δAw = N∂wδAw¯ =
1
4pi
∫
d2w′〈j(w′)j(w)〉δAw¯. (A.10)
This, together with the identity ∂w¯(1/(2piw
2)) = −∂w(δ(2)(w, w¯)) and the fact that the
above expectation values hold with arbitrary additional operator insertions specifies
uniquely the OPE
j(w)j(0) =
N
w2
+ holomorphic terms. (A.11)
This is the OPE of a current algebra at level N . The modes
jn =
∫
dw
2pii
e−inwj(w) (A.12)
satisfy the commutation relations [jm, jn] = Nδm+n. Notice that the zero mode
j0 =
eN
2pi
∫
S1
A (A.13)
is, by virtue of (3.5), precisely the electric charge of the corresponding bulk configura-
tion, in multiples of e.
5We are taking ∗dφ = dtl in the euclidean theory.
33
B Constraints on the partition function from mod-
ular invariance
Here we sketch a proof of the statement in Section 5.2 that modular invariance of a
CFT with a U(1) current algebra implies invariance under spectral flow. While this
claim has been made before [1], we are not aware of a detailed presentation of the
argument in the literature. We also provide a proof of the modified Cardy formula
(4.13), along the lines of the original treatment.
B.1 Spectral flow from modular invariance
In theories with a holomorphic current j(w), the partition function on the torus should
be invariant not only under modular transformations, but also under U(1) transfor-
mations. In two dimensions, the conformal algebra enlarges the symmetry group of
the theory so that local transformations are also symmetries. A transformation with
parameter eiλ(w) is generated by (A.2), with δAw¯ = ∂w¯λ. Integration by parts yields
the Ward identity [61]
δA(w0) = iλ(w0)[Q,A(w0)] = iQAλ(w0)A(w0) (B.1)
where we have assumed the operator to have definite charge QA. The finite form of
(B.1) gives the transformation of a generic local operator,
A(w0)→ eiQλ(w0)A(w0). (B.2)
We will be interested in the translation of the local operator (B.2) by some number z.
The generator Q commutes with momentum P = L0− L˜0 and the Hamiltonian L0 + L˜0
due to the extended algebra (4.2), so that an infinitesimal translation along direction
2piz acts on on (B.2) as
d(Uzte
iλ(w0)QA(w0)U−1tz )
dt
∣∣∣∣
a=0
=
i
2
Q(z∂wλ(w0) + z¯∂w¯λ(w0))A(w0) + ∂A(w0). (B.3)
Integration of this differential equation gives us the translated (B.2) by z,
Uzte
iλ(w0)QA(w0)U−1tz = ei
(
λ(w0)+
i
2
z
∫ w0+z
w0
(∂wλ(w)dw+∂w¯λ(w)dw¯)
)
QA(w0). (B.4)
Equations (B.2) and (B.4) are the same in contractible spaces, but in general they
do not coincide. Consider the theory on a torus. There, there are translations along
non-contractible cycles which return the operator to the same point. The map λ(w)
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may have winding along this cycle. The global structure of the gauge group is related
to the allowed windings of the map λ(w) on the spatial cycle of the torus. If the gauge
group is R, no winding is allowed, but if it is compact, the map λ(w) = pi(w + w¯),
which winds along the φ cycle, is allowed. From comparison of (B.4) and (B.2), we
find that
exp(2piiQ)A(w0) = A(w0)eiφA(w0) (B.5)
where φA(w0) is some phase. Consistency with e.g. the OPE of the currents then implies
that this phase is trivial. Equation (B.5) then means that Q is quantized. One may run
the argument backwards to show that quantization of the electric charge means that
the theory is invariant under gauge transformations with integer winding along the φ
cycle, and thus we recover the familiar result that charge quantization is equivalent to
a compact gauge group.
Taking A(w0) = Tww(w0) and integrating over φ one obtains e2piiQL0 = L0. Expo-
nentiation then yields e2piiQqL0 = qL0 . If we define, following [30]
Z(z, τ) = Tr
(
qL0−
c
24 q¯L˜0−
c˜
24 e2piizQ
)
(B.6)
invariance under U(1) transformations with winding amounts to Z(z, τ) = Z(z+ 1, τ).
As above, a necessary and sufficient condition for this is that every state in the theory
has quantized charges.
So far we have said nothing about λ(w) having winding on the τ cycle. Invariance
under this transformation is not directly related to the compactness of the gauge group.
However, it is a symmetry of the partition function on a torus, as we will now see. Upon
a generic modular transformation one has
τ → aτ + b
cτ + d
, z → z
cτ + d
. (B.7)
Modular transformations relate a configuration with winding along the σ cycle to an-
other one with winding line along the τ cycle. Furthermore, the partition function
Z(τ, z) transforms under (B.7) according to the universal rule [30, 52]
Z(z′, τ ′) = exp
(
ipiN
cz2
cτ + d
)
Z(z, τ). (B.8)
Our expression differs from that of [30] because we are considering a purely holomor-
phic current; conjugate terms should be added in case of a current with holomorphic
and antiholomorphic components. Consider now the series of transformations consist-
ing of an S-transformation, a z → z + 1 shift, and another S-transformation. This
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takes z to z + τ while leaving τ invariant. Applying this to Z(τ, 0), one obtains
Z(τ, τ) = exp(−ipiNτ)Z(0, τ). (B.9)
This encodes the transformation properties of the partition function under symmetry
transformations with winding along the time direction. We may rewrite this as
Z(0, τ) = Tr
(
qL0−
c
24 q¯L˜0−
c˜
24
)
= Tr
(
qL0−
c
24
+Q+N
2 q¯L˜0−
c˜
24
)
= Z(τ, τ). (B.10)
The only way this can hold for every possible value of τ is if
L0 =
Q2
2N
+ L′0 and L0 +Q+
N
2
=
(Q+N)2
2N
+ L′0 (B.11)
have the same spectrum, and are thus related by a unitary transformation UN (which
commutes with L¯0
6 ) . Applying this transformation twice, we get
(Q+ 2N)2
2N
+ L′0 = UN
(
(Q+N)2
2N
+ L′0
)
(B.12)
which implies UNQU
−1
N = Q+N .
Thus, the operator UN corresponds precisely to the spectral flow automorphism
(5.1) by N units. Hence modular invariance requires the spectrum to be invariant
under a change of Q by N units and the left-moving weight h by Q+ N
2
, while leaving
h˜ invariant.
B.2 Cardy’s formula for the charge Q sector
We will now use the modular invariance constraints from the previous section to obtain
a formula for the high temperature limit of the partition function in the charge Q sector.
We will discuss the parity-symmetric case, so that there are both left and right-moving
currents at the same level. From (B.8), and taking τ = iβ
2pi
, we have, using invariance
under spectral flow,
Z
(
z,
iβ
2pi
)
= ZS,−zN
(
0,
2pi
β
i
)
. (B.13)
If we assume the existence of a gap between the vacuum and the first massive excitation,
in the spirit of Cardy’s result, then in the β → 0 limit the right hand side of the above
equation is dominated by the operator of lowest dimension, after spectral flow. In
6Since the above transformation shifts h by Q+ N2 while leaving h˜ invariant.
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general, this will be different for different values of z, z˜, depending on the spectrum.
However, for small enough z, z˜, the dominant state will still be the vacuum, and thus
Z
(
z,
iβ
2pi
)
≈ exp
(
−4pi
2
β
(
∆0 +N
z2 + z˜2
2
))
(B.14)
Similarly, due to invariance under spectral flow by N units, for z, z˜ close enough to 1
Z
(
z,
iβ
2pi
)
≈ exp
(
−4pi
2
β
(
∆0 +N
(z − 1)2 + (z˜ − 1)2
2
))
. (B.15)
For z = k/N , we could have another dominant contribution if there was a particle
of ZN charge k saturating the inequality (4.4). However, as discussed in Section 6.1,
saturation of the inequality is incompatible with the semiclassical limit; therefore,
although Z
(
z, iβ
2pi
)
may have additional peaks at z = k/N , the operator of lowest
dimension in the spectrally flowed theory has −∆0 + , with  > 0; as a result, in the
β → 0 limit, these peaks are much lower than the ones at z = 0, 1. The same analysis is
valid for z˜, and we arrive at the conclusion that in the β → 0 limit we can approximate
Z
(
z,
iβ
2pi
)
≈ exp
(
−4pi
2
β
∆0
)
·
[
exp
(
−4pi
2
β
N
z2 + z˜2
2
)
+ exp
(
−4pi
2
β
N
(z − 1)2 + (z˜ − 1)2
2
)]
. (B.16)
Now that we have an approximate expression for the grand canonical partition function
with imaginary chemical potential, it is trivial to get the partition function in the charge
Q sector via Fourier transform:
ZQ
(
z,
iβ
2pi
)
=
∫ 1
0
dz˜
∫ 1
0
dz Z
(
z,
iβ
2pi
)
e2piiQz =
β
2piN
exp
(
−4pi
2
β
∆0 − Q
2
N
β
)
,
(B.17)
which gives (4.13) up to a prefactor describing logarithmic corrections to the free energy.
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